Systematic calculations of two-photon decay rates of metastable 2 1 S 0 and 2 3 S 1 states are presented for heliumlike ions with nuclear charges in the range Zϭ2-100. These calculations include retardation and are carried out using relativistic configuration-interaction wave functions that account for the Breit interaction. Photon energy distributions and total rates are given. The relativistic 2 1 S 0 decay rates agree, to within two standard deviations, with precise measurements for heliumlike Ar, Ni, Br, Kr, and Nb. The calculated 2 1 S 0 rates are 30% smaller than the corresponding nonrelativistic rates at high Z. The 2 3 S 1 two-photon decay rates remain a factor of about 10 Ϫ4 of the corresponding M 1 rates throughout the helium isoelectronic sequence.
I. INTRODUCTION
In this paper, we evaluate two-photon decay rates for 2 1 S 0 and 2 3 S 1 states of heliumlike ions. Our calculations are carried out using relativistic wave functions that account for the Breit interaction and include retardation of the dipole transition operator. The first theoretical two-photon decay rate for the 2 1 S 0 state for helium was given by Dalgarno ͓1͔. In the 30 years since Ref. ͓1͔ was published, a number of increasingly sophisticated nonrelativistic calculations of the 2 1 S 0 decay rate have been carried out for helium and for light heliumlike ions by Dalgarno and Victor ͓2͔, Victor ͓3͔, Victor and Dalgarno ͓4͔, Drake, Victor, and Dalgarno ͓5͔, and by Jacobs ͓6͔. A decade ago, Drake ͓7͔ gave highly accurate nonrelativistic values of two-photon decay rates of 2 1 S 0 states for heliumlike ions with nuclear charges Z from 2 to 92, and estimated relativistic corrections to these rates. Calculations of two-photon decay rates for 2 3 S 1 states of heliumlike ions were made by Bely ͓8͔, Bely and Faucher ͓9͔, Drake and Dalgarno ͓10͔, and Drake, Victor, and Dalgarno ͓5͔ . These two-photon rates are smaller than the corresponding single-photon M 1 decay rates for the 2 3 S 1 state by a factor of about 10 Ϫ4 . Both one-and two-photon transitions from the 2 3 S 1 excited state to the 1 1 S 0 ground state are sensitive to relativistic corrections.
Precise measurements of lifetimes of metastable 2 1 S 0 states of He and Li ϩ have been reported in Refs. ͓11,12͔. In the recent past, measurements of lifetimes of metastable 2 1 S 0 states of heliumlike ions have been extended to include Ar ϩ16 ͓13,14͔, Ni ϩ26 ͓15-17͔, Br ϩ33 ͓18͔, Kr ϩ34 ͓14͔, and Nb ϩ39 ͓19͔. A measurement of the photon energy distribution for the 2 1 S 0 decay has also been reported recently for heliumlike Kr ϩ34 ͓20,21͔. One goal of the recent measurements was to determine the size of relativistic corrections to two-photon decay rates. The aim of the present paper is to provide accurate relativistic predictions of two-photon decay rates and photon energy distributions for comparisons with such experiments.
The wave functions used in this calculation are determined from a variational principle, seeking extrema of the expectation value of the no-pair Hamiltonian including both the Coulomb and Breit interactions. Discussions of the relativistic configuration-interaction ͑CI͒ problem for heliumlike ions including extensive comparisons of CI energies with experiment have been given in Refs. ͓22,23͔. Relativistic CI wave functions have been used previously to evaluate singlephoton decay rates in heliumlike ions in Ref. ͓24͔ . The method used here to evaluate the sum over intermediate states in the two-photon matrix element is similar to that used in a recent study of relativistic corrections to polarizabilities of heliumlike ions ͓25͔.
In the present calculation, we give relativistic two-photon rates for ions with nuclear charges Z ϭ 2-20,25, 30, . . . ,100, and for the special cases Z ϭ 28, 36, 41, 54, 82, and 92. We also study the Z dependence of the photon energy distribution. The full width at half maximum ͑FWHM͒ of the photon energy distribution increases with nuclear charge as Z 2 . We introduce a reduced photon energy variable yϭ/ 0 , 0 being the maximum photon energy, and a corresponding reduced FWHM measured in terms of y. We find that the reduced FWHM of the 2 1 S 0 energy distribution increases with Z from 2 to 20 then decreases steadily to Zϭ100. By contrast, the reduced FWHM of the 2 3 S 1 distribution decreases from 2 to 30 and then increases from Z ϭ 30 to 100. Relativistic corrections to the 2 1 S 0 rate, inferred by comparing the present calculations with precise nonrelativistic values from ͓7͔, are found to be in fair agreement with relativistic corrections estimated in Ref. ͓7͔ . The values of the present 2 1 S 0 rates are also in good agreement with available experimental measurements.
II. THEORY
The probability per unit time for a transition from state ⌿ I to state ⌿ F with the emission of two E1 photons, 1 and 2 , is 
In this expression, Q M (k) is the retarded electric-dipole operator, which ͑in second-quantized form͒ is given by
͑2.3͒
Explicit formulas for the single-particle matrix elements 
where ⌽ kl are configuration state functions coupled to given values of J, M , and parity. The coefficients and c kl I(F) are configuration weights for the initial ͑final͒ state determined variationally. The configuration state functions ⌽ kl are defined by
where kl ϭ1/ͱ2 if kϭl and kl ϭ1, otherwise. The numerical methods used to evaluate the weight coefficients c kl I(F) are discussed in ͓22,23͔.
We introduce the perturbed wave functions
These wave functions satisfy the inhomogeneous twoelectron Dirac equations
͑2.9͒
The two-photon matrix element can be expressed in terms of the perturbed wave functions as
where
͑2.11͒
We expand the perturbed wave function ␦⌿ DM 1 ͑which has quantum numbers Jϭ1 and M ϭM 1 ) as
Substituting this expansion into Eq. ͑2.8͒, we find that the expansion coefficients d nm satisfy the inhomogeneous equations
and where V i j,kl are two-particle matrix elements of the sum of the Coulomb and Breit interactions ͓22͔. The direct-matrix element D M 2 M 1 can be written as
͑2.15͒
where D I is expressed in terms of the solutions to the inhomogeneous equations d nm by
͑2.16͒
We may also write
͑2.17͒
With the aid of these relations, we find
The above expression shows that the direct and exchange contributions add coherently for 2 1 S 0 , and incoherently for 2 3 S 1 . Such behavior leads to much smaller rates for the triplet state, and to a high sensitivity of rates and photon energy distributions to relativistic corrections. The expression ͑2.19͒, when substituted into Eq. ͑2.1͒, gives the formula used here to evaluate the two-photon decay rates.
III. RESULTS AND CONCLUSIONS
The numerical approach employed here has been used previously in precise calculations of energy levels ͓22͔ and polarizabilities ͓25͔ of heliumlike ions. As a first step in our calculation, we evaluate the CI wave functions for the initial and final states and obtain the energy separation between transition levels, using methods described in ͓22,23͔. The single-particle basis orbitals used in the CI expansion consist of subsets of 20-30 out of 40 B-spline basis functions for each partial wave. The results were saturated with respect to the number of basis functions. Also we perform a sequence of calculations for the wave functions; the first calculation includes only lϭ0 (s 1/2 ) partial waves, the next includes In Table I , we illustrate the convergence pattern of the 2 1 S 0 decay rate w(l) for the cases Z ϭ 2 and 10 as the number of partial waves l increases. For Z ϭ 2, the partial wave sequence converges to about 1 part in 10 3 when partial waves with lр4 are included in the initial-and final-state wave functions and partial waves with lр5 are included in the expansion of the perturbed wave function. The convergence improves with increasing Z so that for Zу60 the partial-wave sequence converges to better than 1 part in 10 6 with lр3. For Zр10 the partial wave sequence w(l) is extrapolated to infinity, assuming that the incremental changes fall off as 1/(lϩ1/2) n . We find nϷ4. No extrapolation is necessary for Zу10 to obtain 2 1 S 0 rates accurate to four figures.
In Table II , we present total two-photon decay rates of 2 1 S 0 states for all of the cases considered here. These rates grow approximately as Z 6 . The photon energy distributions, expressed as a function of the variable yϭ 1 / 0 ͑where 0 ϭ 1 ϩ 2 ) are presented for Zр20 in the top panel of Fig. 1 , and for Zу20 in the lower panel. These distribution functions are normalized to area 2. The reduced widths of the distributions are seen to increase systematically as Z increases to 20, then decreases as Z increases from 20 to 100. This behavior is further illustrated in Fig. 2 , where the reduced FWHM of the distributions is plotted as a function of Z. These changes of shape are a consequence of the interplay of correlation and relativity; both effects tend to narrow the energy distribution.
We compare the theoretical and experimental lifetimes of the 2 1 S 0 state in Fig. 3 and Table III . The present calculations are seen to be in a good agreement with experimental values; even in the worst cases, Kr 34ϩ and Ni 26ϩ , the experimental and theoretical lifetimes differ by only two standard deviations. In Fig. 4 , we make a comparison of our relativistic 2 1 S 0 decay rates with the precise nonrelativistic rates given by Drake ͓7͔. The nonrelativistic calculations overestimate the rate by 30% for high Z, which demonstrates the importance of ab initio relativistic calculations. It should be noted that, for high Z, Drake's estimated relativistic corrections to 2 1 S 0 decay rates ͓7͔ are in excellent agreement with the values obtained here. The comparison of our results with those of Drake ͓7͔ at low Z are given in Table IV . The values from Ref. ͓7͔ tabulated in Table IV include estimated relativistic corrections. The relative difference is found to be less than 1%. For helium, Jacobs ͓6͔ gives the decay rate of 50.85 s Ϫ1 and the value of Drake et al. ͓5͔ is 51.3 s Ϫ1 . Our value for helium ͑51.02 s Ϫ1 ) is in a good agreement with the previous results.
Since correlation effects become less important with increasing nuclear charge, one could expect hydrogenlike behavior at large Z. In Fig. 5 we present the comparison of the photon energy distributions of 2 1 S 0 decay with the corresponding hydrogenic 2s 1/2 →1s 1/2 distributions ͓26͔. This analysis shows that, indeed, the normalized photon energy distributions are virtually indistinguishable for Zϭ92. The   FIG. 3 . Ratio of experimental to theoretical lifetimes for 2 1 S 0 states of He-like ions. The references to experimental data are the same as those given in Table III . distributions for Zϭ20 are slightly, but noticeably, different and this difference grows as Z decreases. Total two-photon decay rates for 2 3 S 1 state are presented in Table V . These rates are a factor of 10 4 smaller than the M 1 decay rates ͓24͔ for the entire isoelectronic sequence. It is worth noting that the corresponding hydrogenic transition 2s 1/2 →1s 1/2 exhibits a different evolution of competing 2E1 and M 1 branches ͓26͔. The 2E1 branch dominates for hydrogenic ions with nuclear charges below ZϷ50 while the M 1 rate dominates for larger Z. In Table IV , we give a comparison of decay rates for 2 3 S 1 states of heliumlike ions with the previous theoretical values of Drake et al. ͓5͔ and Bely and Faucher ͓9͔. We notice a significant discrepancy with the present values, especially for small nuclear charges. This inconsistency is due to cancellation effects in the 2 3 S 1 case. The probable reason ͓27͔ for most of the discrepancy in the low-Z range is a small spin-dependent mixing of the 1 1 S 0 final state with doubly excited (ppЈ) 3 P 0 states, which was not included in the nonrelativistic calculations of Drake, Victor, and Dalgarno ͓5͔ for the two-photon decay rate. The effect of this mixing, however, has been calculated for the single photon 2 3 P 1 -1 1 S 0 intercombination transition ͓28͔, where it produces a small decrease in the decay rate. The relative effect of the additional terms decreases in proportion to 1/Z with increasing Z in accord with the present results.
We present the 2 3 S 1 photon energy distributions for ZϽ40 in the upper panel of Fig. 6 and for ZϾ40 in the lower panel. Similar to the 2 1 S 0 case, the Z dependence of the photon energy distribution is not monotonic; ZϷ30 is a minimum of the reduced FWHM considered as a function of Z. This nonmonotonic behavior is shown in the lower panel of Fig. 7 . The value of yϭ/ 0 at the maximum of the energy distribution, y max , is shown as a function of Z in the upper panel of Fig. 7 .
In the present calculations, we have employed a consistent approach of using theoretical energies from the relativistic CI energy calculations. These energies include both Coulomb and Breit interactions, but do not include radiative corrections. The practice of scaling single-photon rates to the experimental ͑or more accurate ͓29͔͒ energies, expt , would result in an additional factor of ( expt / 0 ) 7 . Such scaling gives corrections that are negligible for small Z, but increase with Z up to a level of about 1% at Zϭ100.
In summary, we have performed ab initio relativistic calculations of two-photon decay rates and photon energy distributions of metastable 2 1 S 0 and 2 3 S 1 states for heliumlike ions with nuclear charges in the range Z ϭ 2-100. The data presented for 2 1 S 0 decay rates are in good agreement with the available experimental values and with estimates of relativistic corrections by Drake ͓7͔. We also find that the 2 3 S 1 two-photon rates are smaller than the corresponding single-photon M 1 decay rates by a factor of about 10 Ϫ4 throughout the entire helium isoelectronic sequence. Fig. 6 is plotted as a function of nuclear charge Z in the lower panel. The value of yϭ/ 0 at the maximum point of the distributions, y max , is plotted in the upper panel.
